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Abstract

The paper investigates the conditions for the generalized Holder's inequality with a variable exponent in Herz-Morrey spaces. The main
results are based on the exponent functions p(-) and a (-) . The proof of the first main result using the generalized Holder’s inequality
in Lebesgue spaces. The second main result of the paper is related to the weak space of the generalized Hélder’s inequality with a
variable exponent in Herz-Morrey spaces. The theorems state the equivalence of certain conditions for the inequality. Mathematical
proofs and analysis are providing to support the presented results for findings contribute to the understanding of Holder's inequalities
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1. INTRODUCTION

Variable exponent was initially examined in 1931 in the context
of Lebesgue spaces by Orlicz (1931). Over the past thirty years,
there has been a growing interest in the variable exponent, par-
ticularly in its applications in various fields such as electrorhe-
ological fluid dynamics, differential equations, among others.
The concept of variable exponent led to the development of
function spaces with variable exponents including Lebesgue
spaces (Aoyama, 2009), Morrey spaces (Almeida et al., 2008;
Ifronika et al., 2017; Wajih and Gunawan, 2020), Morrey
and Campanato spaces (Fan, 2010), Hardy spaces (le]\(li and
Sawano, 2012), and Bessel potential spaces (Gurka et al.

In 2015, Xu and Yang (2015) conducted a study on Herz-
Morrey spaces with variable exponents. Consider a scenario
where 0 < ¢ < o0, p(-) € (PR"), and 0 < A < oo. Suppose
that represents a bounded real-valued measurable function on.
The space denoted as M K;((V')’qﬂ known as the homogeneous

Herz-Morrey space, is formalfy defined as

MK = {f € Lo RO < 1/ ll g1 < oo}

where

1
q
1/ llyces ) = D2 ”(§ ||2“<>kka||Lp(.))

k=—o0

,2007).

with By = B(0.2}) = {x € R" : |2| < 2*} where 4} = B,\By_,
forallk € Z, and x; = x4, denote the characteristic function
of the set A forallk € Z.

Given that each function space possesses its own associated
weak spaces, the weak Herz-Morrey spaces with a variable
exponent M K al )q are established through adjustments to the

original dehnltlon (Shanzhen and Lifang, 2005).
Definition 1. For 0 < ¢ < o0, @(-) € R" and p(-) € PR",

a(),d . _
MKP()(J

{f € Lfo(cj)(R"\{O}) : ||f||7£,AMK;v(§-)>’1]AR,l < 00}

where
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L
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aeR" LezZ -

1
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Some researchers have conducted research on the Herz-
Morrey space (Chen et al., 2014; Dung et al., 2023; Izuki,
2010; Mizuta, 2016; Mizuta and Ohno, 2015; Nogayama,
2019; Sultan et al., 2022; Wang and Liao, 2020; Wang and
Wu, 2016). Nevertheless, the Holder inequality also plays a
significant role in this space (Alshanti et al., 2028; Ifronika et al.,
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2018; Matkowski, 2009; Vasyunin, 2004). In the year 2017
and 2018, Masta et al. (2017, 2018) identified the adequate and
indispensable conditions for the generalized Holder inequality
in Lebesgue spaces.

Within this manuscript, the generalized Holder inequal-
ity in Herz-Morrey spaces with a variable exponent can be
elaborated. The research on the generalized Hélder inequal-
ity in Herz-Morrey spaces with variable exponent delves into
fundamental functional analysis inequalities. This compre-
hensive investigation contributes significantly to understanding
inequalities in variable exponent function spaces.

2. EXPERIMENTAL SECTION

The experimental section is focused on theoretical analysis
and mathematical proofs rather than empirical experiments,
illustrating the conditions and equivalence of Hélder inequality
in variable exponent spaces within Herz-Morrey spaces. The
derivation and validation of the results within Herz-Morrey
spaces with variable exponents are conducted through theoret-
ical analysis. Furthermore, mathematical proofs are provided
to support the main results, demonstrating the equivalence
of certain conditions for the inequality in variable exponent
spaces.

3. RESULTS AND DISCUSSION

In this section, we aim to introduce a theorem and lemma
that have been formulated based on the essential conditions
required for Hélder’s inequality with a variable exponent within
Herz-Morrey spaces. The first main results, for the generalized
Holder’s inequality with variable exponent in Herz-Morrey
spaces, is the following:

Theorem 1. Letm > 2. If a(-), a;(-) € R",0 < 2,4; <
o0, p(+), pi(-) € PR", and 0 < ¢, q; < oo, foreachi =1, ..., m
then the subsequent statements are equivalent:

m m _ . m ; 1
L. ztffl()ls w7 2 A = A, 703 < poye and
m —
i=lg — q°
2. ||H:”=1ﬁ |1MK17(')M{ < H:n:l“][l”?‘/[[\’”()'/ll’ for everYﬁ €
RS IR
MK;’(());ZR" i=1,..,m
Proof 1-2) Let 2l w () < a() s o A —/li, i pi)
_ 1 = 1
p( 5, and XL, q = - hold. Suppose that () =2 a0

Clearly we have « () > a(-). Now take f; € MKQ()) A‘R”
, m. By utilizing the generalized Holder’s in-
equality withln the framework of Lebesgue spaces, it can be
demonstrated that

where ; = 1,
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Taking the supremum of 2774 we obtain
m

l_L':l

(2 = 1) Suppose that T flly oo < T Xl o0

For every f; € MKQ((;;IR” AR, i =1, ..., m. Choosefi =
XB(0,r)- It can be deduced from the hypothe31s that

<[
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Next, by choosing 0 <€< min {m, . M} Clearly,

0 pm ()

€< d and for arbitrary K € N, write ge x () = X (0<|e|<1} +
Zf.:l X {j<j+i-¢} (x) (f desired, this can be simplified to the sit-
uation where the d = 1, and for the general case followed by
an examination of the tensor product ge g (z1, 29, ..., &p) =
ge k(21), ge k (x9)..., ge,k (xn), working with cubes stead of
balls).

By defining f; :=ge x,i =1, ..., m.

IFITTE i xel?) = ge,k then we have [T, fi xillP) = ge k.-
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Hence we obtain
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This inequality also valid for the cases where K = 1, as long

as the condition C < 1 is satisfied. This acquires the following
result

e

> C(K + K™€)#7770

v ra(),a
MK (R
i €
(K +K~)71 7700
7 €
=(K+K €177

For each integer¢ = 1, ..., m assert that

1

[0 S aC
sup |B(a, )]0 «0 (/ fi(x)“"xdx)
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1

J a; (+)
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for a specific integer L with 2 < L < K + 1, it is worth
mentioning that function f; = ge x demonstrates symmetry
around the origin and centralizes the majority of its distribution
near 0. Consequently, for every @ € R" and r > 0, it follows
that

o
|B(a, r)| 7070

1
( / ﬁ(x)"””dx)
B(a,r)
1

1 i m
< |B(O,T)|Pi(') a; () (/ ﬁ(x)al:rdx)
B(0,r)

Indeed, the value of the bracket on the right-hand side,
expressed only as a function of 7 , demonstrates a continuous
increase as r ranges from 0 to 2, contrasting with a decrease
forr > K+ K€. This observation Validates the assertion
regarding the supremum. since ( 3 <0fori=1,

(1/1() -
and j+j7€ < 2jforj=1,..., K, it can be deduced thal

1 i
1fillyygecrige = sup [B(a, r)[F0 a0 (/ 4
MK,y R aeR”, r>0 ’ B(a,r)

1
a; ()
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1
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n___n n___n
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Furthermore, given L < K +1 < 2(K + K€), it can be desired
that .
”f”w[\r”()/an <C(K+KE)P’() @ () fO 1 , m.

tnfact £, 525 = o2y and I Ly s||n:"1f||MKw<>(,,

we we Londude from the two mequdhtles above that (K +
K€)™ a0t 2 o < C for every K € N therefore 3% () <

% as desired.
Remark 2.2 For the cases where m =
below is derived.

2, the proof Theorem 2
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Theorem 2. Let a(-), a;(-), as(-) € R",0 < 1,141,413 <
OO,P()yPI(),PQ() € PR"> and 0 < q,q1,q2 < . Then the
subsequent statements are equivalent:
L oa1()+as() S a(), 1+d9 = A, 555+ 575 < 3¢5 and
1,11
TR
2 el < Wl gl oneoay for every f €
01()/11 n ag(-),Ag
MK, ) R and g € MK, )0 R

The relation between M KZ<( )) IlllR" and , M KZ(( )) AR" can be

rewrite as the following Lemma:
Lemma 1. Let 0 < ¢ < 00,0 <2, <00, () € R",and p(+) €
PR". Then MK\ R" € MK“( ’ ”R" WithI|f 1,y o0

Rn S

p()q
Meanwhile, our second primary finding pertains to the frail
space of the generalized Holder’s inequality with a variable
exponent within Herz-Morrey spaces.
Theorem 3. Letm > 2. If a(+), a;(-) € R",0 < 4,4, <€
p(), pi(-) € PR", and 0 < ¢q,¢; < oo, foreachi =1, ..., m,
then then the subsequent statements are equivalent:

(1’( ) /l n
||f||AwKI‘)’(<.‘)):q/an forevery f € MK R

1 1 1 _ 1 1
L2%ao < aopZinid = 4 2 50 < 5y and

m 1 _ 1

i=lq — q°
2. ||me LMK S H;’ilﬂf”w](n,() 4, for every f; €

i
a’z()/lz /-

MKPt()(Ii R 1= 1

Proof (1-2) Let S a0 S o Sy A —/li, Z"lpb

P( 3> and Zl lq = 1 hold. Suppose that () = m and

P() P() Clearly we have a*(+) > a()dndp*(.) > p().
Taking f; € u,MKa’ Dhign =1,

(+),4i
eralized Hlder’s mequallty in Lebesgue spaces, it can be demon-

strated that

, m and by using the gen-

Hl—[”l

= sup supy 2~ L/l( Z gha ()p(: )y
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0 1

ATy
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Taking supremium 2754, we obtain

Iy =T

(2—1). Let R >) arbitary and f; := xp(o,r) for each i =
1, ..., m. According to the hypothesis, we are able to derive

7(1()} Ve ()4
MKS ) (R WK (R

m
<
i=1

m
lxBo,R ”wMK;’((,'))j = Hl—[izlﬁ

WXkl e
Pi()sq

m
—1_[ X BO.R) i 00
ri ()4

,MK"(')’”

", then this assertion is valid for all values

of R > 0 therefore it can be deduced that 37", 50 = 30

nay (-) ”(lm(')> and

n m n
Hence R707 2=t 707 <€

Subsequently, consider 0 <e< min{ o g

proceed to define

k

8e,k(T) = X {0<|a|<1} +Z)({jg|x\gj+j—s}(x)
i

for any arbitrary integer K € N. Foreachi =1, ...
as the function of ge k. It can be noted that

I

, m define f;

1 N .
> —|B(0, K+ K®)[?() 20
MK 2

w p q

HX € B(a,r) : |fi(x)| > é}‘

> C(K +K~)70 0 (K+
d d
K~€)i7"70
d

= C(K +K~)#01730

By leveraging Lemma 1 in conjunction with the Morrey-norm
estimate pertaining to f;, it is feasible to derive

d

||ﬁ||wﬂvll<§((j))ﬁ (vl w\,a,(()m <C(K+K~ G)m’T

For each i ranging from 1 to m . Given )" % = (1 and
m m
H]‘[izlﬁ e S o T g
r()sa
it follows that (K + K~€) 70 251 500 <
As it valid K € N forall, it can be inferred that 3" | ” ( 5 < +)
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4. CONCLUSION

Herz-Morrey spaces are formally defined as spaces where func-
tions satisfy specific conditions involving variable exponents,
leading to the establishment of weak Herz-Morrey spaces with
variable exponents. The conditions for the generalized Holder’s
inequality with a variable exponent in Herz-Morrey spaces was
investigated by providing mathematical proofs and analysis
to support the results. The main Theorems established the
equivalence of certain conditions for the generalized Hder’s
inequality in Herz-Morrey spaces with variable exponents, con-
tributing to the understanding of Holder’s inequalities in such
spaces.
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