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Abstract

Chartrand et al. introduced the idea of the locating-chromatic number of connected graphs in 2002. Let ¢ be a coloring of a graph
H with k-colors. Let S; be the set of all vertices that get color i and let IT = {S7, So, ..., S;} be the partition of /' (H) induced
by ¢. The color code ¢ry(v) = (d(v, S1), d(v, S9), ..., d(v,S;)) of avertexv € H, where d(v, S;) = min{d(v,z) | x € S;} and
d(v, S;) < ooforalli € [1, k]. The locating £-coloring of H is denoted by ¢ if all vertices in H have unique distinct color codes.
Welyyanti et al. in 2014 expanded on this idea so that it also applies to unconnected graphs. In this work, forn > 8 and m > 2, we
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calculate the locating-chromatic number of the disjoint union of cycles, represented by mC,,.
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1. INTRODUCTION

The locating-chromatic number of connected graphs was intro-
duced by Chartrand et al. (2002). Many notable findings have
been produced. For example, the locating-chromatic number
of tree, cycles and path graphs were calculated by them. As-
miati and Baskoro (2012) described all graphs with cycles on
n vertices that have locating-chromatic number 8 finalized the
characterization the tree graph with X; = 3.

Asmiati et al. (2018) have conducted extensive research
on the locating chromatic number of barbell graphs, such as
discussed the certain barbell graphs (Asmiati et al., 2018), the
barbell shadow path graphs (Asmiati et al., 2021) and subdivi-
sion of barbell graphs containing generalizied Petersen graph.
Some authors also studied the locating-chromatic number for
path graph and cycle graph. Damayanti et al. (2021) deter-
mined some modified path with cycle, Ghanem et al. (2019)
disccussed the power of paths and cycles, Hamzah et al. (2024)
research the corona operation of path P, and cycle C,, with
m = 3, 4. Sakri and Abbas (2024) researchs the locating chro-
matic number for a generalized petersen graphs with small
order and generalized petersen graphs P(N, 2) Sakri and Slimi
(2025).

Certain authors have also investigated the locating-chromatic
number for graphs created through various graph operations.
Chartrand et al. (2002) were the first to investigate the locating-
chromatic number for trees by demonstrating this number for

double stars and paths. Additionally, Chartrand et al. (2003)
demonstrated that for every integerk € [3,n] andk #n —1,a
tree with n vertices with X; = k. Asmiati et al. (2012) identified
the firecrackers and the amalgamation of stars (Asmiati et al.,
2011). Abel et al. (2025) investigated the cyclic chain graph.
Then Welyyanti et al. (2025) studies about Chain(A, 4, n),
small circulant graph (Welyyanti et al., 2026a) and sunflower
graph (Welyyanti et al., 2026b). There are research on the
Petersen graph (Arawan and Istiani, 2024), the origami graph
(Irawan et al., 2021).

For some corona graph, Hamzah et al. (2025) determine
the locating chromatic number for corona of path and cycle
(Hamzah et al., 2024). Then, in 2025 They continued the
research with application with python (Hamzah et al., 2025).
Another graph, research in the locating chromatic number
are jellyfish graphs (Arfin, 2025), m-shadow of a connected
graph (Sudarsana et al., 2022), (k, n)-split cycle graph and its
barbell operation (Asmiati et al., 2025), all unicyclic graphs
of order n (Baskoro and Arfin, 2021), upper bounds of the
locating chromatic numbers of shadow cycle graphs (Asmiati
etal., 2024), and the edge-amalgamation of trees (Assiyatun
et al., 2020).

In this research, we find the locating-chromatic number
for the disjoint union of cycles. Let ¢ be a k-coloring of a dis-
connected graph H,c¢ : V(H) — {1,2,...,k} be a vertex
coloring such that two neighboring vertices are colored in dif-
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ferent colors. If S; is the set of all vertices that are allocated
the same color receive color i for 1 < i <k, ¢ a color class for
a vertices graph H, and let IT = {S1, So, ..., S;}, where S; be
the partition of /" (H) induced by c.

The color code of a vertex v in H is defined as a k-vector:
i(v) = (d(v,S81),d(v,S9), ...,d(v,S;)) where d(v,S;) =
min{d(v,x) | x € S;} is the distance between a vertex v in
H and d(v, S}) < oo forall i € [1, k]. The locating k-coloring
of H is denoted by c¢ if all vertices in H have unique distinct
color code. The symbol y; (H) is the value of the locating-
chromatic number of a disconnected H graph.

The following theorems and lemma are useful in deter-
mining the locating-chromatic number of disjoint union of m
cycles for m > 2.

Theorem 1. Let H = U G For 1 <i <m, and G; is a
disconnected graph. If x; (H) < oo, then H does not contain any
two components G; and Gj such that x1.(G;) = G;, x1(Gj) =
G, 1Gjl < q < x;(H) <r <|G;|, where r = min{|//(G;)| : i €
[1,m]}, ¢ = max{x;(G;) :i € [1,m]} and |G;| # |G;].

Lemma 1. Let IT be aresolving partition of V (G) andu, v € V (G).
Ifd(u,w) = d(v, w) forallw € V(G)—{u, v}, then u and v belong
to different elements of T1.

Theorem 2. Let C, be a cycle on n vertices for n > 3. Then

X/(C,) = {3, Jorodd n

4, forevenn

2. EXPERIMENTAL SECTION

(a) Based on Theorem 2, establish that the lower bound of
the locating chromatic number for the disjoint union of
cycles graph is 3 or 4, due to the nature of the disjoint
union of cycles graph. If the lower bound fails to satisfy
the locating chromatic number criteria, then adding ver-
tex colors the requirements for the locating chromatic
number.

(b) Established the upper bound of the locating chromatic
number for the disjoint union of cycles graph, which will
be demonstrated by showing that the color code of every
vertex in the disjoint union of cycles graph must differ.

3. RESULTS AND DISCUSSIONS

Let integers m > 1 and n > 3, we write

m
mC, = U Crfl) )
i=1

The disjoint union of m copies of the cycle C,, where the com-
ponents C\V, P ..., C"™ are pairwise vertex-disjoint. In
the following theorems, it is proved that the locating chromatic
number of disjoint union of odd cycles mC, is 3 if and only if
m=1.

Theorem 3. Let C,, be a cycle on n vertices withn > 3 be odd and m
is copies of the cycle C,, denote mC,. Let m > 1 than X (mC,) = 3
ifonly if m = 1.

© 2026 The Authors.
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Proof. If m = 1, then mC,, = C,. Since n is odd, by Theo-
rem 2 we have X; (C,) = 3. Assume X; (mC,) = 3. Then
mC,, admits a locating 3-coloring. In particular, for each com-
ponent C,El) we obtain a locating coloring of C,Ei) using at
most 3 colors, so C,,El) < 3. Because n is odd, Theorem 2
gives Xl'l(C,Ei)) = X[ (C,)) = 3 foreveryi. If m > 2, then
mC,, contains two distinct components 2C,El) and 2C,§2) with
X720y = X208 = X7.(2¢") = 8, which contradicts
Theorem 1 (with £ = 8). Therefore m = 1.

Theorem 4. Letn > 4. If X} (mC,) < oo, then m < SL‘TH)J
Proof. Let G = mC,, wheren > 4 and V' (G) = {v;; | 1 <i <
m, 1 <j<n}.

Let G =mC, = U, C'" and suppose G admits a locating
coloring. In particular, G admits a locating n-coloring; let ¢ :
V (G) — [n] be such a coloring and let IT = {S7, Sy, ..., S,}
be the partition induced by ¢, where S; = {v € V' (G) : ¢(v) = j}.
For each component C,Y), since we use n colors on a cycle of
order n, each color appears exactly once in C,El).

Fix the unique vertex x; € V(C,Ei)) with color 1, i.e., x; € S7.
Write the color code of x; as

Cn(xi) = (d('ri’ Sl)’ d(xi: S?)a e d(xi, Sn))

= (0’ Cli,Q, ai,3’ AR ai,n)’

where a; ; = d(x;, S;) is the distance in C,El) from z; to the
unique vertex of color j in that component. Because all vertices
Zi, . . .,y have the same color 1, the locating property forces
their color codes to be pairwise distinct:

cn(z;) # en(ay), foralli # i,

Hence, m is at most the number of distinct n-tuples (0, ag,
ag, ..., a,) that can occur for a color one vertex in a single
cycle C,.

Now count these possibilities using the structure of distances
in Cy:

Case 1: n odd

We have diam(C,) = % and foreacht € {1,2, ..., "51 .
There are exactly two vertices at distance ¢ from x; in C,Ei).
Thus, among the colors {2, 3, ..., n}, exactly two colors must
be placed at distance 1, two colors at distance 2, and so on.
Therefore, the number of possible assignments of the distances
(a9, a;3,-..,ay),is at most at most such as Equation (1).

n—1\(n-8\(n->5 4\(2) _ (n-1)!
mg( 2 )( 2 )( 2 )(2)(2)‘7 @)

Case 2: n even

We have diam(C,) = g and foreacht € {1,2,..., 5 - 1}.
There are exactly two vertices at distance ¢ from x;, and there is
exactly one vertex at distance 5. Hence, we choose two colors to
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Figure 1. Color Code and Locating 4-Coloring of 3Cy

(1,0,2,2)

(1,2,0.2)

(1,1,2,0)

3

(0,2
Figure 2. Locating 4-Coloring and Color Code of 2C5

1\1) 3

occupy distance 1, two colors for distance 2, ..., and two colors
for distance § — 1 and the remaining single color is forced to
be at distance 5. Thus, the value of m such as Equation (2).

n—1\n=-38\(n->5 5\(3) _(n—-1)! )
T T

(n—1)!
2[71511 .

In both cases, (2) and (8) can be written as m <

Corollary 1. Let n > 4. Define
k:=min{t > 1:X](tC,) = n}.

If X[ (mCy) < n, thenm < k. Moreover,

125t ¢
(n—l%! 3)

n,

Proof. Let G = mC,.

First, by the definition of k, for every m > k we have
X; (mCy) = n, while clearly X[ (mCy) < m whenever an n-
locating coloring exists. Hence, if X] (mC,) < n then necessar-
ilym < k.

Now assume m > k. By Theorem 4 if X| (mC,) < oo, then

< (n—1)! (n=D)!

< = =1 we have il
N N

Therefore, for every £ < m <

© 2026 The Authors.

X[ (mCy) = n (because if X] (mC,) > n by the definition of &,
and X/ (mC,) < n since the same n colors are used).

Finally, if m > (T - 11) , then Theorem 4 implies that no lo-
9l 5!

cating coloring exists; hence X] (mC,) = co. Then the Equation
(3) is proven.

Theorem 5. Let mCy is a cycle graph of m with Cy. Then,

4, l1<m<3
X} (mCy) = { " )

0o, otherwise.

Proof. By Theorem 1 and Theorem 2, we have X, (Cy) = 4.
Therefore, X] (mCy) > 4.
Case 1. By Corollary 1, we have m < (3;,]])! = 3. Then,

2
X[ (mCy) < 4. Thus, for 1 <m < 3, we hzve X[ (mCy) = 4.
The locating-coloring and color code of 8Cy can be obtained
from Figure 1.

Case 2. By Lemma 1, given that X; (mCy) > 4 and every
vertex has to be connected to two other partition classes, it
follows that X; (mCy) = co forall m > 4.

Based on Case 1 and Case 2, then Equation (4) is proven.

Theorem 6. Let mCj is a cycle graph of m with order 5. Then,

3, m=1,
, 4, m=2,
X, (mCs) = 5 S<m<6 %)
o0, otherwise.

Proof. Let G = mCj; and define the vertex set of G as V' (G) =
{vij 11 <i<m, 1<j<5} From Theorem 3, because
X[ (C5) = 3, then X] (G) > 3.

Case 1. If m = 1, then from Theorem 3, we get X] (G) =

Case 2. We show that m > 1 implies X] (G) > 4 i.e., no
locating 3-coloring exists. Assume to the contrary that G admits
a locating 3-coloring ¢. Let IT = {S;, S9, Sg} be the color
classes induced by ¢, where S; = {v € V' (G) : ¢(v) = j}. Fix
any component C(i> of G and a vertex v € V(C(i)) Since Cj

is an odd cycle, each component C( ) must use all three colors
(otherwise it would be a proper 2- colorlng of C5 impossible).
Hence, for every j € {1, 2, 8}, the distance d(v, S;) is finite
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Table 1. Color Code of 8C
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Color Code for 1

Representation in Figure

Same Color Code in Vertex

0,1,1,2,2) Figure 5. (6)
0,1,2,1,2) Figure 5. (4)
0,1,2,2,1) Figure 5. (2)
0,2,1,1,2) Figure 5. (2)
0,2,1,2,1) Figure 5. (4)
0,2,2,1,1) Figure 5. (6)
0,1,1,2,3) Figure 5. (1)
0,1,1,3,2) Figure 5. (7)
0,1,2,1,3) -
0,1,2,3,1) Figure 5. (3)
0,1,3,1,2) -
0,1,3,2,1) Figure 5. (2)
0,2,1,1,3) -
0,2,1,3,1) Figure 5. (5)
0,2,3,1,1) Figure 5. (5)
0,3,1,1,2) Figure 5. (7)
0,3,1,2,1) -
0,3,2,1,1) Figure 5. (8)
0,1,2,2,3) -
0,1,2,3,2) -
0,1,3,2,2) -
0,2,1,2,3) -
0,2,1,3,2) Figure 5. (8)
0,2,2,1,3) -
0,2,2,3,1) -
0,2,3,1,2) -
0,2,3,2,1) -
0,3,1,2,2) -
0,3,2,1,2) -
0,3,2,2,1) -

V3,2 O U3 4

'(}7’4 or U7’6

V5,9 OT U5 4
V1,4 Or V1,6
09,9
V4,3
V6,3
V4,9
06,2
06,6
09,5
V4,6
06,5
V4,5
09,6

and is computed entirely within the component C 5(1) (vertices
in other components are infinite distance and do not affect the
minimum).

Because diam(Cs) = 2, every entry of the color code ¢ €
V (G) belongs to {0, 1, 2}. Moreover, if v € Sy, thend(v, S1) =
0 and the two neighbors of v must lie in Sg U Sg. There are
only three possibilities:

Case 1: the two neighbors have colors 2 and 3, hence
CH(v) = (O) 1’ 1))

Case 2: both neighbors have color 2, hence the nearest
vertex of color 3 is at distance 2, so ¢y (v) = (0, 1, 2);

Case 3: both neighbors have color 3, hence ¢y (v) = (0, 2,
1).

By symmetry, if v € Sy then ¢ (v) € {(1,0, 1), (1,0, 2),
(2,0, 1)}, and if v € Sg then c(v) € {(1,1,0),(2,1,0),
(1,2, 0)}. Therefore, under any proper 3-coloring of G, ev-
ery vertex has a color code belonging to the following set of
at most nine vectors: (0, 1, 1), (0, 1, 2), (0,2, 1), (1,0, 1),
(2,0,1),(1,0,2),(1,1,0), (2, 1,0) and (1, 2, 0). Hence G

© 2026 The Authors.

can have at most 9 distinct color codes under a 3-coloring. But
[V (G)| = bm = 10 for m > 1, so by the pigeonhole princi-
ple two distinct vertices of G must share the same color code,
contradicting that ¢ is locating. Thus no locating 3-coloring
exists, and X (G) > 4 form > 1. Since diam(Cs) = 2, then
for any 3-coloring of Cj, there are nine different possibilities of
color code under such partition: (0, 1, 1), (0, 1, 2), (0,2, 1),
(1,0,1),(2,0,1),(1,0,2),(1,1,0), (2,1,0) and (1, 2, 0).
So, we have X (mC5) > 4 form > 1.

Let m = 2, then to show that X] (G) < 4, define a partition
IT = {S1, Sg, S3, S4} where S1 = {v1,1,v1,4,v9,4}, So = {v1,2,
v9.1}, S = {v1,5, 09,3, ve,5}, and Sy = {v1,3, ve,9}. Therefore,
IT constitutes a resolving partition of /' (G) where G = 2Cj.
Therefore, X; (G) = 4 for m = 2. The locating 4-coloring and
color code of 2C; can be taken from Figure 2.

Case 3. First, we will show if m = 3 then X;(G) > 5.
Without loss of generality, consider the vertex with color
one. The number of color codes ¢(v(G)) = (d(v, S1)) =
1. If with 4-coloring, ¢ (v(G)) = {(0,1,1,2), (0,1, 2, 1),
(0,2,1,1),(0,1,2,2),(0,2,1,2),(0,2,2, 1)}. The color
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Figure 3. Locating 5-Coloring and Color Code of 6C;

codes (0,1, 1,2), (0,2, 1, 1),and (0, 2, 1, 2) are already used

in Case 2, so we pay attention only to the other three color

codes. For color code (0, 1, 2, 1) and (0, 2, 1, 1) have same

color code for vertex v 4 or vg 5 in Case 2. For color code

(0,1, 2, 2) have same color code for vertex v ¢ in Case 2
Therefore form =3, X[ (G) =2 5.
Next, we will show that if m

<‘) Db — 6. Therefore, for

Corollary 1, we have X/ (G) < =y
2
3 <m < 6, we have X/ (G) = 5. The locating-coloring and
color code of 6C5 can be taken from Figure 3.
Case 4. By Corollary 1 we have m > G-t

QL)I
m27,X](G) = co.

= 6 then X;(G) < 5. By

= 6, thus, for

Based on Case 1 until Case 4, then Equation (5) is proven.

Theorem 7. Let 1 <m < 7. Foreachi € [1,
cycle of even order n; > 6. Then

m], let Cy, be a

m

e,

i=1

=4.

Xp

Proof. Forn; > 6,let G = U, Gy and V(Cy) = {vij | 1 <
i <m, 1 <j <n}. By Theorem 1 and Theorem 2, since
X1 (Cy) = 4 forn > 4 and n even, then X/ (G) > 4.

To show X] (G) < 4, define a 4-coloring ¢ : V' (G) —
{1, 2, 3, 4} as follows. Let

(thy =1+ ((t=1) mod 4) € {1, 2, 3, 4}.

Forl<i<mand 1 <j<n,,set

© 2026 The Authors.

4, (i, 7)) €{(1,1),(2,2),(3,3)},

3, (4, 7) €{(1,2), (2, 1), (3, D},

2, (i, 7) =(3,2),

2, 1<i<8andj >3 odd,
c(vij) =141, 1<i<3andj>4even,

(i-2), 4<i<mandj=2

G-1), 4<i<mandj=4

(i-38)4, 4<i<mandjodd,

(t)4 4 <i<mandj >4 even.

Let IT = {S1, Sg, S3, Sy} be the partition induced by ¢. It
is straightforward to check that ¢ is a proper coloring on each
component C,, (since adjacent indices have opposite parity,
and the special assignments at j = 2, 4 are different from their
neighbors). Moreover, the resulting color codes are pairwise
distinct (see Figure 4 for the explicit color codes), hence I1
is locating. Therefore, X] (U G) < 4. Combining with the
lower bound gives X/ (U’” G) =

Theorem 8. Let Cg represent a cycle of order 6. Then,

4, 1<m<7,
, 5, m=8, N
X 0mCo) =16 9 <m <30, ©
0o, otherwise
Proof. LetG =mCsand V(G) ={v;; | 1 <i<m,1<j<
6}. By Theorem 1 and Theorem 2, we have Xy (Cs) = 4.

Therefore, X} (G) > 4.

Case 1. If 1 <m < 7. Using Theorem 7, we get, X; (G) =
1,
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Figure 4. The Locating 4-Coloring and Color Code of 7C,;

Case 2. First, We show that X[ (G) > 5 form = 8. As-
sume to the contrary that G admits a resolving 4-coloring
V(G) - {1,2,8,4}, and let IT = {S}, Se, S3, S, }be the

mduced partition. Consider a single component C and a

vertex v € C,,E D with c(v) = 1. Since diam(Cg) = 3 the color
code of v has the form

en(v) = (0, ag, ag, ay), a;€{1,2,3}

Because ¢ is resolving on Céi), all three colors {2, 3, 4}

must appear in Cél). Moreover, at least two of them must
appear in the closed neighborhood N (v), otherwise two vertices
symmetric with respect to v would have identical distances to all
color classes, contradicting resolvability. Hence, for a color-1
vertex v, exactly two of the distances ag, ag, a4 equal 1, while
the remaining one equals 2 or 3. Up to permutation of colors
{2, 8, 4}, this yields precisely the following six possible color
codes:

(0,1,1,2),(0,1,2,1),(0,2,1, 1),
(0,1,1,3),(0,1,3,1), and (0,3, 1, I).

Furthermore, by the cyclic symmetry of Cg, every resolving
4-coloring of Cﬁ(l) must realize all six patterns; if one such
pattern were missing, then two vertices at opposite positions in
the cycle would share the same distances to all four color classes,
again contradicting resolvability. Consequently, in 8Cg there
are at most 6 distinct color codes among vertices colored 1.
Since there are 8 components, by the pigeonhole principle two
vertices of color 1 in different components must share the same
color code, contradicting that ¢ is resolving on G. Therefore,
no resolving 4-coloring exists for m = 8 and hence Xj (G) > 5.

Next, we will show that X/ (G) < 5 for m = 8. Define a
partition IT = {S;, Sq, Sg, S4} ofV(G) than:

© 2026 The Authors.

St ={vi,1,v1,3,v2,4,035,04,4,55,06,4,078 | i € [1, 8]},

Sg = {v1,2,v2,2, 3,2, V4,3, V5,3, V6,3, V7,6, V8,5 }»

Sg = {v1,4,v2,3, 03,3, V4,9, 5,2, V6,5, V7,9, U8,2, V8,6 } »

Sy = {v1,5,v9,5,03,4, 04,5, V5,4, V6,2, V7.4, U8 4},

S5 = {v1,6, 9,6, V3,6, V4,6, V5,6, V6,6, V7,5, V8,3 } -

Every vertex in 8Cg have different color codes. Thus,
X[ (G) < 5. Therefore, X;(G) = 5 form = 8. The locat-

ing 5-coloring and color code of 8Cg can be taken from Figure
5.

Case 3. First, we will show that for m =9, then, Xj (G) > 6.
Without loss of generality, consider the vertex with color 1.
The number color codes Cr (V' (G)) = 1 with 5-coloring is 80,
shown in Table 1. For example, we can use the color code
(0,1, 1, 2, 2) and it is shown in Figure 5 (2). While, the color
code (0, 1, 2, 1, 8) already belongs to vertices vg ¢ and vg 4,
so this color code cannot be used anymore. By Table 1. we
know that for m = 9, then X/ (G) > 6. Next, we will show
that for m = 30, X] (G) < 6. By Corollary 1, we have that

(60 11)' = 30. Therefore, for 9 <m <30, X/ (G) =
9l7g
Based on Table 1, the color code for (0,1, 1, 2, 2), no
vertex same color code in vertex, but the color code for (0, 3, 2,
2, 1) have the same color code in vertex vy 6. Because there
are several color codes that have more than 1 vertex, so, the
8C¢ cannot use 4-coloring. Case 4. From Corollary 1, we have

that X/ (G) = oo forall m > 31. Based on Case 1 until Case 4,

then Equation (6) is proven.

n—1

Theorem 9. Let n > 6 and let G = mC,,. Put [ = | *5

{(n ~1)%(n-2)!
n(2f)

then X] (mC,) = n.

11

(n—1)!

+1<m< o

Proof. Assume a component C,, is properly colored with ex-
actly n — 1 colors, and fix a vertex v of color 1. Let IT
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2 ®(2,01,1,3) (1,0,2,1,3)

49(1,1,2,0,2) (0,1,1,2,2)

1 9(0,2,3,1,1) (1,2,0,3,1)

(1,3,2200 5¢L3L%L0) (1,3,0,2,1)
-4

(5) (6) (7) ®)

Figure 5. Locating 4-Coloring and Color Code of 8Cg

{S1, 89, ...,S,_1} be the color classes. We count the max-
imum number % of distinct color codes Cr(v) that can occur.

Case 1: n odd. LetD = % =diam(C,). For each distance
layert € {1, 2, ..., D} there are exactly two vertices at distance
t from v. Excluding color 1, there are n — 2 colors to be realized
as first occurrences among n — 1 vertex positions, hence exactly
one position is a repeat and therefore exactly one distance layer
contributes only one new color. Choose that layer D choices,
choose the single new color there (("12) choices), then distribute
the remaining n — 3 colors into D — 1 layers, two per layer:

o =2\(n=3\(n-5 2y (n-D!' (n-1)!
o )R-

Case 2: n even. Let D = § = diam(C,). Now layers
1,2, ..., D — 1 have two vertices each, while layer D has one
vertex. Again we need n —2 new colors but have n — 1 positions,
so one position is a repeat. There are two sub cases:

(A). The unique vertex at distance D is a repeat (so no color
has nearest distance D). Then all n—2 colors appear first among
the 2(D — 1) = n — 2 positions in layers 1,2, ..., D — 1, two

per layer:
b= n—2\(n—-4 2\ (n-2)!
S 2 ) \g) T 9p-T

(B). The vertex at distance D introduces a new color (choose
it in n — 2 ways), so the repeat must happen in one of the D — 1
double-layers (choose that layer in D — 1 ways). After fixing
these choices, we choose one new color for the "single" layer

((”Id) ways) and pair the remaining colors over the remaining

layers:
n—38\(n—4\(n—-06 2
S LT
-3)!
=(D—1)(n—2)(7;D—72)
_ (n—-2)(n-2)!

9D-1

© 2026 The Authors.

Hence,
n-2)! (n-2)(n-2)!
k=ki+kp = 9D-1 9D-1
_(n=-D@-2)! (- (n-1)!
h 9D-1 T o9p-1 T of
Thus, forall n > 6,
_(n=D)!
k= T

Suppose, for contradiction, that G = mC, has a locating
(n — 1)-coloring. With n — 1 colors and |V (G)| = mn vertices,
some color class has size at least [-*57. All vertices in a single
color class must have pairwise distinct color codes, so [#5] < k.

n
(n—1)k
n

Therefore, if m > , no locating (n — 1)-coloring exists,

i.e. X/ (mC,) > n. Using k = % gives

(n-Dk _ (n-1%*n-2)
no (@)

’

So a sufficient condition is

m> {("— 1)2(?1—2)!J L1
n(2/)

For m < ("2_/1)1, by Corollary 1 we have X; (mC,) < n.

Therefore, we obtain X; (mC,) = n, if

—_ 1\
+l<mS(n—.1)'.

(n—1)%(n-2)!
ety

n(2/)

4. CONCLUSIONS

This paper explores the locating chromatic number of the dis-
joint union of cycles. This study establishes the disconnected
locating chromatic numbers X; (mC,) forn € [3, 6], X; (mC,,)
where n; > 6 and n; is even, and maximum m for X; (mC,) = n.
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